Learning Pairwise Cooperation For Large-scale
Vertex Subset Selection:
Dominating Set Problem as Example

Zhengzhe Fu', Haihui Cheng?, Danlu Shao?, Li Ma?, Yang Yang! (<), Shiliang Pu?,
Qi Zhu*, and Weihao Jiang®

L Zhejiang University, Hangzhou, China { fuzz, yangya}@zju.edu.cn
2 Huayun Information Technology Co., Ltd, Hangzhou, Chinamichael_chh@live.com,
601448191@gg.com, 1imal9@163.com
3 Hikvision Research Institute, Hangzhou, China {pushiliang.hri,
jiangweihao5}@hikvision.com
4 Amazon, Seattle, WA, USA gi.Zhu.ckc@gmail.com

Abstract. The Dominating Set Problem (DSP) is a classic NP-hard vertex sub-
set selection problem with broad significance across many real-world domains. In
such applications, the value of a solution—whether measured by cost minimiza-
tion or benefit maximization—is often closely tied to the scale of the underly-
ing graph. Recent advances have introduced learning-based heuristic solvers that
adapt dynamically by learning from previously solved instances. Despite their
success, only a limited number of learning-based approaches explicitly address
large-scale instances. A key bottleneck lies in the reliance on iterative predic-
tions to construct a single solution, which, although beneficial for solution qual-
ity, becomes prohibitively expensive as graph size grows. A common alternative
is to generate a heatmap over nodes and decode a solution from it; however,
this strategy often sacrifices flexibility, as the heatmap can not be changed when
the solution state changes. In this paper, we address these challenges by mod-
eling cooperation dependency between pairs of nodes with the help of Graph
Neural Network (GNN). We define cooperation dependency as the normalized
frequency with which two nodes co-occur in high-quality solutions. By predict-
ing this pairwise score, we enable rapid and flexible modification of node-level
heatmaps without requiring repeated full-graph inference. This property allows
our method to effectively enhance various heuristic strategies while maintaining
high scalability. We evaluate our approach on datasets ranging from small graphs
to large-scale instances with up to 10 million nodes. Experimental results demon-
strate that our method achieves strong effectiveness and efficiency across diverse
graph sizes and domains, highlighting its robustness and scalability.

Keywords: Dominating Set Problem - Large-scale - Heuristic.

1 Introduction

Large-scale combinatorial optimization problems play a crucial role in real-world ap-
plications, where solutions aim to minimize costs or maximize benefits. Among these
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problems, the dominating set problem (DSP) serves as a representative example. Given
a graph, a dominating set is defined as a subset of nodes such that every node in the
graph either belongs to the subset or is adjacent to at least one node in it. The task of
identifying a dominating set with minimum cardinality is known as the dominating set
problem.

DSP has been widely studied due to its extensive applications across multiple do-
mains, including optimal server placement in wireless networks [3,5,4,11], identifica-
tion of influential individuals in social networks [15,14,35,36], analysis of critical nodes
in aviation networks [23], and query selection optimization in information retrieval sys-
tems [40,32,9].

The practical value of DSP in these scenarios is closely linked to graph scale. For in-
stance, in social networks, a company promoting a new service seeks to identify a small
subset of users who can effectively influence the entire network. These users form a
dominating set whose size and coverage directly reflect the potential customer base
and, consequently, the business value. Unfortunately, DSP is among the most challeng-
ing combinatorial optimization problems, with computational complexity that grows
exponentially with graph size. For large-scale graphs, obtaining optimal solutions is of-
ten infeasible. Exact algorithms developed in earlier studies exhibit exponential time
complexity, such as O(1.4969™) [34] and O(1.4689™) [21].
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Fig. 1: Overview of our pairwise learning framework for the dominating set problem. We first
identify structural insights of node replaceability and pairwise cooperation. A GNN-based net-
work is trained on small graphs using constructed labels, and a Linear layer help to scale inference
to large graphs using increment to update the score.

In recent years, learning-based heuristics have gained increasing attention in com-
binatorial optimization, motivated by the observation that frequently encountered prob-
lem instances often share structural patterns [7,13]. Unlike traditional handcrafted heuris-
tics, learning-based methods can adapt dynamically by leveraging experience from pre-
viously solved instances. However, despite their success on small and medium-sized
graphs, these approaches often struggle to scale to large graphs. The main challenges
can be summarized as follows.

First, many learning-based heuristics rely on iterative prediction to construct high-
quality solutions. For large-scale instances, repeatedly performing inference for a single
solution becomes computationally prohibitive. A single-shot prediction, while efficient,
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often fails to capture evolving preferences that arise when node states change during
solution construction. Consequently, state-of-the-art methods [25,13,38] typically adopt
iterative strategies that modify node features or graph structures after each decision.
Although effective, even minor updates require recomputation over the entire graph,
severely limiting scalability.

A common attempt to mitigate this issue is to generate a node-level heatmap that
represents selection probabilities or priorities, and then decode a solution from this
heatmap [24,29,33]. While this approach avoids explicit iteration, it significantly re-
duces flexibility: once the heatmap is fixed, adapting to changes in the partial solution
often requires regenerating the entire heatmap, negating the intended efficiency gains.

Second, learning-based methods often suffer from weak supervision signals. In DSP
and related vertex subset selection problems, multiple optimal or near-optimal solutions
may exist for a single instance. Assigning labels based on a single solution can introduce
bias and ambiguity, leading to unreliable node-level scores [25,20]. For example, as
illustrated in Fig. 1, nodes M and N may be interchangeable within a dominating set.
Training a model to favor one over the other forces it to artificially distinguish between
structurally similar nodes, resulting in unstable predictions.

To address these limitations, we explicitly model pairwise cooperation, which we
term cooperation dependency with the help of GNN, as the core learning objective. Co-
operation dependency captures how frequently pairs of nodes co-occur in high-quality
solutions, providing a richer and more stable supervision signal than single-node labels.
Its pairwise nature enables efficient identification of subsequent nodes based on local
relationships, thereby eliminating the need for costly iterative full-graph predictions.
Moreover, after predicting cooperation dependency scores, we can rapidly and flexi-
bly adjust node-level heatmaps to reflect changes in the solution state, achieving both
efficiency and adaptability.

Although extracting pairwise supervision and training such models impose addi-
tional constraints—particularly for large graphs—these challenges can be effectively
managed using smaller training instances and multiple constructive heuristic algorithms.
Overall, our framework replaces inefficient iterative prediction steps with fast heatmap
updates driven by cooperation dependency, substantially reducing computational over-
head for large-scale learning-based heuristics.

The main contributions of this paper are summarized as follows:

— We present the first learning-based heuristic framework specifically designed for
large-scale graphs to address vertex subset selection problems such as the dominating
set problem.

— We propose explicitly modeling cooperation dependency between pairs of nodes, en-
abling effective utilization of diverse optimal solutions while avoiding costly iterative
predictions.

— Our learning-based algorithms demonstrate strong generalization across graphs of
varying sizes and diverse domain distributions. We implement our model in Py-
Torch®.

>https://github.com/1250976476/Cooperation_DominatingSetProblem
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2 Related Work

2.1 Algorithm for dominating set problem

The dominating set problem is recognized as one of the most challenging problems in
combinatorial optimization. In the extensive history of its research, pioneers [34] has
demonstrated that their algorithms run with a time complexity of O(1.4969™), while
[21] has achieved O(1.4689™). Several state-of-the-art (SOTA) algorithms have been
developed for the dominating set problem. For example, [8] proposes an Iterated Greedy
algorithm, while [27] and [28] present an Ant Colony Optimization Algorithm com-
bined with Local Search. In recent years, notable approaches have also been proposed
by [9,39,6,22,41,43], further advancing the field.

Based on existing research [12,17,19], unless P ~ NP, the approximation ratio of
the simple greedy remains optimal in polynomial-time algorithms. In [30], they investi-
gated the basic greedy algorithm along with several variations of this heuristic. One of
the basic goals of this work is to provide a better solution than the greedy method in a
similar time or guide the greedy method.

2.2 Learning-based algorithm for combinatorial optimization

As it is a recognized fact that real-world combinatorial optimization problems often
share commonalities and similarities [7], recent learning-based solvers have achieved
promising performance. As observed in [13,25,38,37,16], these methods typically adopt
a strategy of iteratively predicting solutions through modified graphs and multiple in-
ferences. Unfortunately, this iterative approach often results in a substantial burden of
repetitive computations. Existed attempt to mitigate this issue is to generate a node-
level heatmap that represents selection probabilities or priorities, and then decode a so-
lution from this heatmap [24,29,33], which, however, ruin the flexibility. For the dom-
inating set problem, the most recent learning-based approach is GFlowNet [42] and
[10]; however, their experimentation with graph sizes remains limited. In recent years,
[26] has attempted to leverage a novel probabilistic greedy mechanism and Q-learning
to streamline calculations for budget-constrained problems. However, their framework
fails when the budget constraint is absent. In light of this, our work introduces a ef-
fective learning-based heuristic framework to alleviate the computational demands for
large-scale instances with explicit pairwise cooperation modeling.

3 Preliminaries

Consider a graph G = (V, E) consisting of a node set 1 and an edge set E C V x V,
the dominating set and minimum dominating set is defined as follows.

Definition 1 (Dominating Set). A dominating set of a graph G = (V, E) is the a node
subset D C 'V where every node not in D is adjacent to at least one node in D.

Definition 2 (Minimum Dominating Set). The minimum dominating set of a graph is
a dominating set with minimum size.
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To further demonstrate the concept of minimum dominating set, we could illustrate
the problem as a boolean satisfiability problem. Given a graph G and a dominating
set D, we introduce the notation Xp = {x1,...,2y|} where each z, represents a
boolean value in {0, 1}, serving to indicate whether a particular node within the graph
is in the dominating set D. Consequently, the arrangement of X p must adhere to the
fundamental dominating set constraint. This constraint dictates that for every node in
the graph, it either belongs to the dominating set D, or it is connected to a node within
D. In other words, for each node v € V and its neighbors N (v) = {u € V|(u,v) € E},
there must exist a node within the set D, that is:

VUEV,ZL‘U\/\/ )mu N

u€N (v
Subsequently, to ascertain whether a given set adheres to the dominating set prop-
erty ¢, we can employ a Conjunctive Normal Form (CNF) for representation.

¢ - /\'UGV Ty V \/uEN(v) Tu )

By exploring the entire solution space, we define the set of all minimum dominating
sets as Syng = {D € Sy | |D| = minpres, |D'|}, where S, represents the set of all
valid dominating sets in the graph, and the size of a set is given by [D[ = 3" ;.
From S,,,4, we derive an informative label, termed Cooperation Dependency, to assess
the role of each node in the dominating set problem.

Intuitively, selecting a node to be part of a dominating set immediately covers its
neighbors, thereby decreasing the likelihood that these immediate neighbors must be
included to achieve a minimal set size. Conversely, the inclusion probabilities of dis-
tant nodes remain largely unaffected. This structural observation provides the theoreti-
cal motivation for our definition of cooperation dependency. Furthermore, this concept
captures the dynamic nature of the optimization process, where a node’s selection pref-
erence should adaptively respond to the changing states of other nodes.

Definition 3 (Cooperation Dependency). Cooperation Dependency of dominating set
problem between a pair of nodes (u, v) in a network is the normalized frequency that
these two nodes both get involved in a minimum dominating set. Given the set of all
minimum dominating set S;,q = {D : |D| = minpreg,(|D'|)}, the cooperation de-
pendency between node u and v is:
ZD/gs wWp (Tu,Tv)
Cuw= uul

’ \/Ek ZD’eSmd WD'(wk7w'v)\/Zk ED’ESmd wpr (Tu,Tr)

1 when x,, = 1 and x; = v in dominating set D'.

where the wWp/ (T, T,) =

In cooperation dependency, we use symmetric normalization to avoid some frequent
observed nodes causing mistakenly distinguishing relation between pairwise nodes.
Moreover, by definition, cooperation dependency is highly specific to the given opti-
mization problem, yet remains generalizable across vertex subset selection problems
that admit multiple optimal solutions. The true cooperation probability is defined over
a uniform distribution on the set of all minimum dominating sets (MDS).
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Table 1: Notations

Notation ‘ Description

G graph G = (V, E),node set V and edge set E C V x V

D a dominating set

Xbp the boolean value representation of dominating set D

Ty boolean value denoting whether a node is part of dominating set

Cuw the weight of the cooperation dependency graph C between node u and v
Py the predicted cooperation dependency of node u verses v

4 Methodology

4.1 Pipeline

In this section, we provide a comprehensive description of our framework, illustrated
in Fig 1. Before the training stage, labels are constructed in small-scale graphs. During
training, our model establishes the connection between graph and cooperation depen-
dency. After the inference on the entire graph, we can get nodes representation and
pairwise cooperation function. A scalable construct heuristic is adapted and in this pa-
per we mainly use two variant of greedy methods which select nodes to be added in a
number of potential nodes. The effectiveness of these algorithms is guaranteed by na-
ture of greedy methods but strongly influenced by predicted cooperation dependency.

Heuristic bound Based on some existing research [12,17,19], unless P ~ NP, the
greedy approximation ratio remains optimal in polynomial-time algorithms achieving
(In A+2). However, as demonstrated in [31], when the input feature of each node com-
prises solely the node degree, no GNN can achieve a (A + 1 — ¢)-approximation for the
minimum dominating set problem, where A represents the maximum degree of graphs.
Even if the feature vector of a node includes both the degree and the color of a weak
2-coloring, t}Ale optimal approximation ratio of GNNs for the minimum dominating set
+1

problem is (=;=). Consequently, our primary focus lies in optimizing effectiveness and

efficiency within the target domains, while also ensuring robust transferability.

4.2 Label Calculation

Our model is trained in a supervised manner and therefore requires pairwise-level coop-
eration dependency as training labels. However, enumerating all minimum dominating
sets is computationally infeasible, as it would require exhaustively exploring the entire
solution space, which is prohibitive even for graphs with only a few thousand nodes.

To obtain a tractable approximation, we construct a solution set S consisting of
optimal or near-optimal dominating sets. Specifically, for each node in the graph, we
solve the dominating set problem once using an exact solver (e.g., Branch-and-Bound)
while forcing that node to be included in the solution. This procedure results in |V|
candidate solutions and is feasible for small-scale graphs.

As defined in the preliminaries, cooperation dependency measures the normalized
frequency with which two nodes co-occur in an optimal solution. Based on the solution
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set S, we compute this dependency in two steps. First, we calculate the unnormalized
co-occurrence frequency matrix A, where each entry is given by

" 1
Ai,j = § Z wD/(mi,a:j),

S| D’eS

with wpr (z;, z;) indicating whether both nodes x; and x; appear in solution D’.

Next, to account for scale differences among nodes and ensure comparability across
pairs, we apply symmetric normalization to A. The empirical cooperation dependency
matrix is defined as

C=DAD

where D is the degree matrix of A with diagonal entries ]A)” =3 j A,-y e

To assess the quality of this approximation, we conduct validation experiments on
small graphs (|V'| < 30), where all optimal solutions can be exhaustively enumerated.
The resulting empirical cooperation dependency exhibits strong agreement with the
ground truth, achieving a Pearson correlation of 0.89+0.03 and a Spearman correlation
of 0.87+£0.04. These results indicate that the bias introduced by our constrained solution
generation strategy is empirical minimal.

4.3 Feature

In our framework, input features are divided into two categories. The first category con-
sists of basic structural features, namely node degrees. The second category is derived
from graph reduction techniques commonly used in dominating set problems.

Graph Reduction Graph reduction is a fundamental technique in many heuristic algo-
rithms for the dominating set problem [1,41,43]. These methods exploit local structural
properties of the graph to determine whether certain nodes can be safely included in or
excluded from the dominating set. Among the various reduction strategies proposed in
the literature, we primarily adopt the approach introduced in [1], as it is one of the most
mature and widely applied methods.

This reduction framework partitions nodes into four disjoint subsets: the fixed node
set, the deleted node set, the branched node set, and the involved node set. For each
node v, its neighbor set N (v) is further divided into three subsets, denoted as N (v),
N3 (v), and N3(v), based on their local connectivity patterns:

— N;(v) consists of neighbors of v that have at least one neighbor outside N (v).

— N3 (v) includes neighbors that are not in Ny (v) but have at least one neighbor in
N 1 (’U ) .
— N3(v) contains neighbors that do not belong to Ny (v) U Na(v).

Based on this partitioning, if N3(v) is non-empty, node v can be placed into the fixed
node set, indicating that v is guaranteed to appear in at least one optimal solution. Once
v is fixed, all nodes in N2(v) and N3(v) can be assigned to the deleted node set, as they
are already dominated by v and can therefore be removed from further consideration.

Next, nodes that are neither fixed nor deleted and belong to Ny (v) are classified as
involved nodes. These nodes have no connections to vertices outside the local subgraph
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induced by v and its neighbors. Finally, nodes in N (v) that are not included in the
fixed, deleted, or involved sets are categorized as branched nodes. The roles of these
nodes remain uncertain, as they may connect to other regions of the graph, and thus
require further branching or exploration to determine their inclusion in the dominating
set.

4.4 Training

We train a deep graph neural network with residual connections to effectively capture
both local and global structural information in the graph.

Cooperation Dependency The training objective is designed to align the model’s pre-
dictions with the cooperation dependency, which serves as the core supervisory signal
in our framework. This dependency plays a critical role in the heuristic process, as it
guides the selection of subsequent nodes to be added to a partial solution. By improving
the model’s ability to approximate cooperation dependency, we enhance its capacity to
identify nodes that are most beneficial for solution construction.

To this end, we randomly sample pairs of nodes from the graph, with half of the pairs
exhibiting non-zero cooperation dependency and the other half having zero dependency.
This balanced sampling strategy mitigates class imbalance during training. For each
sampled pair, we apply a binary cross-entropy loss to minimize the discrepancy between
the model’s predicted scores and the corresponding ground-truth labels.

Ec = Z ]I{Cum > O}Pu,v + ]l{Cuw = 0}(1 - Puv“) (3)
(u,v)EE

4.5 Fast Inference

Directly predicting cooperation dependency for all node pairs incurs a prohibitive O(n?)
computational cost. To address this issue, we further accelerate the selection of the next
node by replacing explicit pairwise prediction with a lightweight linear scoring mecha-
nism. Specifically, we employ a linear layer without an activation function to efficiently
score candidate nodes using an aggregated representation of the current partial domi-
nating set. We refer to this score as the Cooperation Score.

Formally, the pairwise cooperation score between nodes u and v is computed as

log P, , = Linear(u, v), )

where u and v denote the learned representations of nodes u and v, respectively. For a
partial dominating set D~ , the aggregated cooperation score of a candidate node u can
be efficiently computed as

Z log P, ., = Linear (u, Z v> . ®)

veED~ veD—

Since the representation of the partial set ) _,~ v can be updated incrementally as
nodes are added, this formulation enables linear-time scoring with respect to the size of
the partial solution, significantly reducing inference overhead.
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4.6 Heuristic with Cooperation Dependency

As learning-based heuristics generally lack theoretical guarantees on approximation ra-
tios, we design alternative strategies that preserve the strong approximation properties
of classical greedy methods while incorporating richer structural information from co-
operation dependency. Specifically, we propose a modified greedy heuristic that selects
nodes from a dynamically maintained candidate set informed by cooperation scores, as
well as a variant of the greedy_Rev algorithm [30]. These hybrid heuristics combine
the robustness of traditional greedy selection with the global awareness provided by
learned cooperation dependency.

The traditional greedy method always selects the node with the largest gain for the
partial solution. However, its main limitation lies in its susceptibility to local optima due
to its myopic decision-making process. In our construct heuristic, we define a candidate
set size K based on the size of the graph. During each selection step, the K most
beneficial nodes are added to the candidate set, and the cooperation dependency is used
to determine the final node to be selected. Each node in the candidate set is scored
based on the cooperation score ) _, ., log P, ,. Algorithm 1 is the pseudo code of our
Greedy Construct Heuristic algorithm with Cooperation Dependency.

Algorithm 1 Greedy Construct Heuristic Algorithm with Cooperation Dependency

Input: Graph G = (V, E), Cooperation Dependency Prediction P
Output: Dominating set D
Fixed < Graph_Reduction();
D™ < Fixed,
forv € V do
score(v) =3, c iy H{VE € D7 |k € N(u)}
+1{Vu & D™ |u € N(v)};
end for
while G not dominated by D do
Candidate Set < TopK(score);
vo +— node with largest cooperation score in Candidate Set;
D™« D U {Uo};
update the score;
Calculate the marginal gain for node wv;, and update its cooperation score: ¢; —+=
Linear (u, vo) (Refer to Equation. 5)
end while
D+ D7
return D;

The variant of the Greedy_Rev also needs the predicted cooperation dependency
as score (heatmap). At first, every node will be in a set (a trivial dominating set); this
algorithm will examine the nodes following a node sequence sorted by the coopera-
tion score and try to delete them from the trivial dominating set as soon as possible.
When removing a node from the dominating set would lead to a situation where no
node in its neighborhood is part of the dominating set, such a node cannot be removed.
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In contrast, if this condition is not met, the node is promptly eliminated from the dom-

inating set. The pseudo code of these two construct heuristic algorithms is provided in
the Appendix.

Table 2: Average Performance of Experiments in ER Random Graphs (smaller is better).

Size Range information Greedy Cooperation(Greedy) |Cooperation_Iter Greedy_Iter
Size  Time(s)| Size Time(s) Size Time(s) Size Size
50-100 58.70 17.95 | 18.80  0.08 18.25 0.20 18.25 18.70
1 000-1 000 1000.00 249.15| 274.60 042  264.90 0.76 259.80 270.10
2 000-2 500 2228.60 547.60 | 604.13 1.18  589.33 1.24 575.73 591.40
10 000-50 000 | 28191.80 - 7691.40 13.00 7634.40 14.71 7389.20 7541.00
100 000-500 000 |202407.00 -  |55087.00 151.24 54919.75 107.18 53106.25 54011.25
1 000 000-5 000 000{2522474.3 - |686429.3 1117.19 685823.5 1456.51 660589.3 671993.3
10 000 000 10000000 - 2721476 4097.47 2720294 5851.69 2617302 2664054
Size Range Random Greedy_Rev  Cooperation(Greedy_Rev) Greedy_Vote
Size  Time(s)| Size Time(s) Size Time(s) Size Time(s)
50-100 22.90 0.08 19.30  0.09 18.25 0.18 18.65 0.01
1 000-1 000 283.40 044 | 289.50 043  260.80 0.42 267.65 0.12
2 000-2 500 907.26 146 | 641.13 121  592.07 0.42 595.53 0.29
10 000-50 000 11278.00 40.84 |8145.60 13.05 7326.80 3.04 7564.00 4.14
100 000-500 000 | 55116.00 156.42 |58464.75 148.79 52518.25 17.04 54360.75 40.76
1.000 000-5 000 000| 686433.3 1160.50|728640.8 1103.45 654287.5 204.35 677581.3 3878.63
10 000 000 2721672 4286.09|2889054 4031.95 2594060 830.06 2685965 51645.48

Table 3: Average Performance of Experiments in BA Random Graphs (smaller is better).

Size Range information Greedy Cooperation(Greedy) |Cooperation_Iter Greedy_Iter
Node Optimal| Size Time(s) Size Time(s) Size Size
50-100 77.65 1120 | 11.80  0.07 13.00 0.21 12.75 11.60
1.000-1 000 1000.00 132.95| 144.80 0.72  139.40 0.94 137.30 142.60
2 000-2 500 2222.55 287.22 | 316.11 1.49  306.06 1.48 301.89 310.33
10 000-50 000 27647.60 - 3851.40 20.71 3811.20 17.49 3747.40 3804.40
100 000-500 000 | 261013.75 - 136305.25 183.70 36193.00 178.39 35482.00 35899.75
1000 000-5 000 000|2850365.00 - |397142.7 2099.82 396855.0 2025.61 3872423 392363.7
10 000 000 10000000 - 1392966 6234.62 1392498 7448.83 1358219 1374431
Size Range Random Greedy_Rev  Cooperation(Greedy_Rev) Greedy_Vote
Size Time(s)| Size Time(s) Size Time(s) Size Time(s)
50-100 13.20 0.08 1230 0.07 11.65 0.17 11.85 0.01
1 000-1 000 150.90 0.76 | 150.20 0.66  137.00 0.43 141.45 0.15
2 000-2 500 321.83 1.68 | 329.50 1.38 314.28 0.35 310.94 0.29
10 000-50 000 3864.20  47.90 |4034.80 18.74 3707.60 2.80 3783.40 3.82
100 000-500 000 | 36285.25 189.20 |38137.50 159.83 35137.00 21.96 35788.50 48.38
1 000 000-5 000 000| 397131.0 2100.02|416906.3 1747.96 384797.0 237.28 391253.7 2981.40
10 000 000 1393041 6367.40| 1462114 5168.50 1351641 837.61 1372249 27003.31

5 Experiments

To conduct our methods in large-scale graphs, we must face the problem of training and
inference with the size discrepancy. The dependency to the greedy heuristic unfolds a
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Table 4: Solution Quality on Zero-shot Real-world Datasets.

dataset Random Random_Iter Greedt_Rev Greedy Greedy_lIter|Cooperation_Iter (gﬁ:;);;u;z?/) Greedy_Vote S2V-DQN GFlowNet
DBLP 4331 4324 4433 4335 4326 4311 4421 4351 17677 4696
Full Cora 3769 3757 3876 3773 3764 3751 3853 3776 19772 4112
Cora 637 636 655 636 635 632 675 643 2543 676
Photo 650 639 669 642 635 633 708 627 7354 1212
Physics 4441 4337 4649 4431 4348 4290 4569 4354 34472 -
(& 3018 2967 3149 3019 2981 2951 3109 3003 18305 3342
GitHub 4568 4564 4660 4567 4565 4556 4652 4558 36531 -
FacebookPagePage| 3331 3296 3390 3323 3294 3283 3401 3291 22196 4552
Computers 1199 1173 1233 1188 1177 1178 1296 1170 13115 2701
ENZYMES 8.00 7.50 7.85 7.65 7.40 7.40 1.5 7.35 12.05 7.05
PROTEINS 16.80 16.00 16.95 16.25 15.95 15.60 16 15.85 27.25 15.65

Table 5: Performance on Large-scale Real-world Datasets.

dataset information Greedy Greedy_Vote |Cooperation_Iter Cooperation(Greedy_Rev)
#nodes #edges| Size Time(s) Size Time(s)| Size Time(s) Size Time(s)
youtube |1.13M 2.99M (273131 818.88 213271 386.87 (213126 969.98 271457 198.62
soc-pokec| 1.63M 30.62M|221667 932.63 210931 664.56 (211618 2951.84 220281 295.30
gowallah |196.5K 950.3K | 41745 649.50 41826 28.90 | 41669 783.53 45306 35.44

Table 6: The graphon distances between ER random graphs and real-world datasets.
Datasets DBLP FullCora Cora Photo Physics CS GitHub FacebookPagePage Comp S

Graphon Distance| 1.77E-04 8.25E-05 6.89E-03 1.31E-04 6.86E-05 2.35E-05 7.72E-03 2.32E-03 8.71E-03
Ours/Greedy 4311/4335 3751/3773 632/636 633/642 4290/4431 2951/3019 4556/4567 3283/3323 1178/1188

possibility of dealing instances encountering domain discrepancy. This guess is exam-
ined by experiments training on random graphs, but inference on zero-shot real-world
datasets. For random graph dataset, we generate Erdos-Renyi (ER) [18] and Barabasi-
Albert (BA) [2] graphs which function widely in modeling many real-world networks.
For the training phase, our dataset consists of random graphs containing exactly 1000
vertices. In our experiments, cooperation trained on ER graphs use 18 layer GCN and
cooperation trained on BA graphs use 16 layer GCN. All GCN is with residual connec-
tion. In addition to the dominating set problem, we provide experimental results for the
Minimum Vertex Cover (MVC) problem using the same training configuration.

Baseline We conduct comprehensive comparisons of our methods against two distinct
categories of approaches. First, we evaluate them against traditional heuristic methods,
including Greedy, Greedy_Rev and Greedy_Vote [30] all with graph reduction. Second,
we assess their performance in comparison to a learning-based approach, exemplified
by S2V-DQN [13], GFlowNet [42].

Variant methods Based on variations in training data and the choice of heuristics, we
designate our variant methods as follows:

— Cooperation(Greedy): Our main approach utilizes a variant of the greedy method

as construct heuristic, scoring candidate nodes based on cooperation dependency.

— Cooperation(Greedy_Rev): The fastest version of our framework. No graph reduc-
tion and only use degree as feature. Random sample a subset of nodes and use them
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to calculate the cooperation dependency. Score all nodes with the sum of cooperation

dependency and use the variant of the Greedy_Rev method as construct heuristic.
To further evaluate solution quality, we present the results from four iterations involving
regret and reconstruction (methods end with “iter").

5.1 Random graph experiments

500000 5000000 50000000  S000000.00 50000000.00

—e—local search Dsp

Fig. 2: The performance curve of local search with different number of iterations.

Addressing the dominating set problem within random graphs presents a non-trivial
challenge. As shown in Figure 2, our methods can exhibit performance comparable to
executing over 50 million iterations of some simple local search methods, even when
tackling graphs with as few as 1,000 nodes.

In Table 2 and Table 3, our report encompasses the average size of the obtained
dominating sets and the average running times across multiple instances within cor-
responding size ranges. Given the substantial computational demands posed by large
graphs, it is often infeasible for algorithms like “branch and cut” to ascertain optimal
solutions. Consequently, we do not provide optimal solutions for such instances. To
clarify the settings in these tables, the ‘information’ column provides the foundational
profile and characteristics of the datasets used in our evaluation. Meanwhile, the ‘ran-
dom’ column refers to a specific strategy employed during the Greedy Construct phase;
instead of strictly selecting the single optimal node, this baseline randomly samples a
node from the top-k candidates.

Within the area of traditional algorithms, the Greedy_Vote heuristic outperform al-
most all the other methods. When considering learning-based methods, our simplified
framework, Cooperation (Greedy), consistently outperforms all greedy methods in find-
ing smaller solutions, except in tiny graphs. Furthermore, the Cooperation_Iter, when
iterated a limited number of times, further enhances problem-solving capabilities. In
terms of efficiency, all these methods, with the exception of Greedy_Vote and meth-
ods with iterations, demonstrate near-linear time complexity. This characteristic is also
reflected in the actual running times observed during our experiments. In addition, the
graph reduction phase accounts for the majority of the computational cost in these meth-
ods. Among the implementations, the iterative algorithms — Greedy_Iter and Cooper-
ation with Iteration — exhibit similar magnitudes of time cost. The fastest version of
our framework, Cooperation(Greedy_Rev), show excellent performance with smallest
time cost in middle to large graphs, however, its performance is less guaranteed and
easy affected by distribution changes.
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5.2 Zero-shot real-world datasets experiments

To thoroughly assess the versatility of our framework, we extend our experimentation
to encompass various commonly used real-world datasets with zero-shot setting. For
consistency, we treat all edges as undirected and concentrate solely on the underlying
structure of the graphs. All methods with cooperation are trained in ER random graphs.

Table 4 illustrates that our framework maintains competitive performance when ap-
plied to instances from various distributions. To enhance clarity, we have highlighted
the best results in bold, while the second-best results are denoted in italics. To fur-
ther validate our framework, experiments on large-scale public graph datasets are also
presented in Table 5. While our methods may not offer a universal solution for all real-
world datasets, it is noteworthy that Cooperation_Iter exhibits superior performance in
various data domains, such as purchase networks and coauthor networks. This may be
attributed to the fact that ER random graphs are general and informative. However the
Cooperation(Greedy_Rev) excels in random graphs and faces challenges with distribu-
tion shift. These observations underscore the adaptability and potential of our approach,
particularly when dealing with datasets that share structural similarities with the train-
ing random graph.

5.3 Transferability Analysis

We analyze the transferability of our method through the lens of graphon theory, which
is widely used to characterize structural similarities between graph datasets and to as-
sess the effectiveness of pre-trained models across domains. Specifically, we quantify
dataset similarity by computing the Gromov—Wasserstein (GW) distances between the
graphons of Erd6s—Rényi (ER) random graphs and those of real-world datasets. The
resulting distances provide a principled measure of how closely real-world graphs re-
semble the ER model. The outcomes are summarized in Table 6.

We compute the Pearson correlation coefficient between solution quality and the
corresponding GW distances. The resulting value of 0.514 indicates a moderate pos-
itive correlation, suggesting that our method tends to achieve better performance on
datasets that are structurally closer to ER random graphs, even without fine-tuning. Al-
though the correlation is not strong, it reveals a clear trend: as the structural distance
between datasets increases, the performance of our method gradually degrades. This
degradation highlights both the strengths and limitations of transferability in learning-
based approaches.

5.4 Generality on Vertex-Subset Selection Tasks

Table 7: Performance comparison on the Minimum Vertex Cover problem.

Methods 50-100 1000 2000-2500 10000-50000
Cooperation (Greedy_Rev) 28.8 266.8 1182.53 14930.2
Greedy_Rev 29.65 280.8 1227.13 15536.0

Greedy 29.75 279.2 1223.13 15469.6
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To demonstrate the generality of the proposed framework beyond the dominating set
problem, we further evaluate it on another classical vertex-subset selection task, namely
the Minimum Vertex Cover problem (MVC). Importantly, this evaluation is conducted
under the same training setup.

Table 7 reports the performance comparison among different methods on graphs
of varying sizes. The proposed Cooperation-enhanced Greedy_Rev consistently out-
performs the standard Greedy_Rev and Greedy baselines across all graph scales. This
performance gain is particularly evident on larger graphs, indicating that incorporating
cooperation dependency enables the heuristic to better capture global structural infor-
mation even when transferred to a different combinatorial objective.

These results confirm that the core idea of modeling cooperation among selected
vertices is not limited to a single task. Instead, it can be effectively generalized to other
vertex-subset selection problems, highlighting the robustness and adaptability of our
framework.

6 Conclusion

In this paper, we propose the concept of cooperation dependency and demonstrate how
it can be leveraged to construct fast and scalable learning-based heuristics. By model-
ing pairwise relationships, our framework enables more effective utilization of multiple
optimal solutions while avoiding the computational overhead caused by repeated infer-
ence under minor graph changes.

Extensive experiments on graphs containing up to 10 million nodes show that our
approach remains efficient and effective at large scales. Moreover, evaluations on real-
world datasets confirm that our framework consistently delivers competitive perfor-
mance, demonstrating its practical applicability and robustness across diverse graph
domains.
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