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ABSTRACT
Subgraph isomorphism is a fundamental problem in graph

analysis and becomes challenging in terms of querying pat-
terns in increasingly massive network graphs. Algorithms
for accelerating subgraph isomorphism have been discussed
using optimized pruning rules, data graph index, etc. How-
ever, almost all the previous study processes each pattern
independently and ignores the correlation between different
patterns. In most graph matching problems, patterns al-
ways show up as a set and pattern containment relationship
exists. To make use of such pattern correlations, we pro-
pose a genetic framework jointly modeling all the graphs
of a pattern set to accelerate subgraph isomorphism. An
optimal pattern containment structure is firstly studied to
model the patterns in a level-wise matching order. Based on
this structure, we present an efficient mechanism of reusing
the matching results of a pattern to answer some other pat-
terns. Experimental results on both real-world and syn-
thetic datasets show that, integrated with our framework,
the existing subgraph isomorphism algorithms gain signifi-
cant speedup, one order of magnitude in the best case. This
framework can be potentially applied to any other existing
subgraph isomorphism algorithms to gain performance ben-
efits.
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Subgraph isomorphism, pattern containment correlation,

Pattern Tree
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Graphs are playing an increasingly important role in mod-
eling complicated structured data in various domains. Among
graph-related problems, subgraph isomorphism search is one
of the most fundamental ones. It aims to find all embed-
dings of a smaller graph, usually called pattern graph or
pattern, in a bigger graph, usually called data graph. This
is a NP-Complete problem and various algorithms have been
discussed to speed up its performance [14]. Most existing al-
gorithms are based on a backtracking strategy which finds
embeddings by incrementally matching candidates for each
vertex in the pattern graph and stopping tracking when it
predicts that no solution will be found. These algorithms
mainly focus on optimizing pruning rules, matching orders,
etc, and they process each pattern graph completely inde-
pendently.

Figure 1: Examples of patterns, pattern contain-
ment correlation and a data graph.

In real-world applications, such as biological data analysis
[1], recommendation network [9], social relation search [6],
etc, a number of pattern graphs are generally required to
be processed at a time. In these pattern graphs, identical
(sub)structures may exist between different patterns, which
will cause redundant computation cost if matching each pat-
tern independently. As shown in Figure 1, (a) and (b) re-



spectively represent a set of patterns P = {p1, p2, ..., p7}
and a data graph d. To search all the embeddings of P
in d, existing algorithms search p1, p2, ..., p7 in d sequen-
tially. However, we observe that p1 is a subgraph of p2 and
that the answer of p1 is contained in the answer of p2. In-
tuitively, if the answer of p1 is stored and used to answer
p2, the average response time will be reduced. Motivated
by this idea, we aim to speed up the matching performance
by jointly modeling all the incoming patterns provided that
there popularly exist pattern containment relations. There-
fore, the main challenge is to explore an effective method to
tackle the problem of pattern containment.

This paper mainly focuses on studying the pattern con-
tainment correlation. It generally includes two subproblems:
(1) given all the patterns, how to mine and store the pat-
tern containment correlation so that it can minimize the
total matching cost; (2) given the correlation between two
patterns that one is contained in another, how to efficiently
answer the bigger pattern by reusing the matched results of
the smaller pattern. The goal is to answer more patterns
with less referring to the data graph.

To solve the above problems, we propose a novel subgraph
isomorphism framework, called PatternTreeISO. In this frame-
work, we build a Pattern Tree structure from a given pat-
tern set and make use of the pattern containment correla-
tion recorded in Pattern Tree to accelerate subgraph iso-
morphism search. The main contributions of this paper are
summarized below.

- We propose an innovative definition Pattern Tree and
formulate how pattern graphs can be transformed into
a Pattern Tree based on their containment correla-
tion, and why the Pattern Tree can be utilized to
accelerate subgraph isomorphism search.

- We propose a novel subgraph isomorphism framework,
PatternTreeISO, which processes pattern graphs on a
constructed Pattern Tree in a depth-first searching or-
der and avoids redundant computation. It’s a generic
framework that can be integrated with any existing
subgraph isomorphism algorithm.

- We conduct extensive experiments on both real-world
and synthetic datasets. And the results show that
the speed of existing subgraph isomorphism algorithms
can be significantly improved by up to one order of
magnitude in the best case.

The rest of this paper is organized as following. Section
2 surveys related work in this area. Section 3 defines some
preliminary concepts and a query time cost model. Section
4 introduces the definition and strategies of building an op-
timal Pattern Tree. The matching framework of Pattern-
TreeISO is introduced in Section 5. The performance study
is reported in Section 6. Section 7 concludes our research
and summarizes the future work.

2. RELATED WORK
Subgraph Isomorphism Algorithms. Subgraph iso-

morphism is still a challenging problem and lots of algo-
rithms have been proposed. Most of them are based on a
backtracking method and extend this method according to
their optimizing specifics, including matching orders, prun-
ing rules, and auxiliary information constraint. Representa-
tive works are briefly surveyed as following.

Ullmann [13] is the first practical algorithm based on back-
tracking strategy. It chooses a random matching order and
prunes out a pattern vertex’s candidate vertices with smaller
degree than it. VF2 [4] selects pattern vertices connected to
matched ones in a matching order and introduces 1-step-
neighbor and 2-step-neighbor constraint to stop unpromis-
ing matching. Based on global vertex label frequencies,
QuickSI [11] proposes a matching sequence by the order of
vertices inserted into a pre-defined minimum spanning tree
and prunes out candidates not satisfying parent-child rela-
tionship. GraphQL [8] proposes neighborhood signature and
pseudo subgraph isomorphism test to prune out false candi-
dates. Instead of matching one vertex at a time, SPath [16]
matches a path each time and defines neighborhood signa-
ture to index and reduce candidates. Recently, TurboISO [7]
shows great improvements over all competitors by several
orders of magnitude. It exploits duplicate structures in a
pattern graph and matches vertices with identical neighbor-
hoods each time.

Different from existing algorithms, we focus on explor-
ing the containment correlation between different pattern
graphs and utilizing them to reduce duplicate computation
and to accelerate searching performance. It’s important that
our method is not a single algorithm. It is a framework that
can be integrated with any existing subgraph isomorphism
algorithm and speed up its performance. To the best of our
knowledge, this idea has not been studied in previous work.

Index-Based Matching Algorithms. For processing
pattern graphs over large scale datasets, index-based work
follows the framework of filtering and verification. Many
effective graph indices have been proposed to filter false can-
didate graphs and to reduce the workload of verification
based on subgraph isomorphism. The index construction
process is usually time-consuming, mining discriminant fea-
tures over the whole dataset, such as paths [12], subgraphs
[2, 14], trees [17], and other structures [15]. Though our
work doesn’t specially study index construction strategies,
it inspires further research in two aspects: (1) the match-
ing order defined by our framework allows posterior pat-
tern to search on previous matching results, which naturally
achieves the indexing effect without index construction cost;
(2) our work can be integrated with any index-based ap-
proach in filtering-and-verification framework.

3. PRELIMINARIES

3.1 Problem Statement
A graph is called a simple graph if it doesn’t have multiple

edges nor loops [5]. An undirected labeled simple graph is
defined as a 4-tuple (V,E, L, l), where V is the vertex set,
E ⊆ V ×V is a set of undirected edges, and l is the labeling
function that assigns labels belonging to the label set L to
vertices and edges.

Subgraph Isomorphism. Given two graphs p = (V ′,
E′, L′, l′) and d = (V, E, L, l), p is subgraph isomorphic to d
(denoted as p ⊆ d) if there exists an bijective function f : (1)

∀v ∈ V
′
, f(v) ∈ V such that l′(v) = l(f(v)); (2) ∀(u, v) ∈

E
′
, (f(u), f(v)) ∈ E such that l

′
(u, v) = l(f(u), f(v)). Sub-

graph isomorphism problem is defined as, given a pattern
graph (query) p and a data graph d, find all distinct em-
beddings of p in d.

Graph Pattern Matching. Given a data graph set D =



{g1, g2, ..., gn} and a pattern graph set P = {p1, p2, ..., pm},
graph pattern matching is that for each pm ∈ P , search for
a set of graphs Dp where Dp = {g | g ∈ D ∧ pm ⊆ g}.

In this paper, we only discuss undirected and labeled
graphs, but our approach can be applied to directed graphs
and unlabeled graphs as well. And in practice, we stop sub-
graph isomorphism search after finding the first 1000 em-
beddings, the same setting as mentioned in [7, 8, 16].

3.2 Query Cost Model
In the typical filtering and verification matching mech-

anism, the time cost of matching a pattern graph set in a
data graph set can be modeled below:

T = |P | × (Tfilter + |Cp| × Tiso) (1)

where P is the set of pattern graphs and Tfilter is the aver-
age filtering cost based on indexing techniques. Cp is the fil-
tered candidate data graph set and each graph in Cp should
be verified by subgraph isomorphism methods. Tiso is the
average subgraph isomorphism cost. Existing algorithms
reduce T mainly in two aspects. One aspect is to apply
effective filtering methods to minimize |Cp| while keeping
Tfilter in a reasonable range, which requires index with high
quality features. The other aspect is to optimize subgraph
isomorphism algorithms to reduce Tiso by improving prun-
ing rules, matching orders, and information constraint. In
terms of Tiso, pattern graph size and data graph size affect
its value. Suppose vd and ed are respectively the average
vertex and edge numbers of each data graph, while vp and
ep are respectively the average vertex and edge numbers of
each pattern graph. Considering the subgraph isomorphism
method without any pruning rules, the time complexity of
Tiso can be modeled as:

O(vd × (
ed
vd

)ep+vp−1) (2)

In order to reduce Tiso, existing subgraph isomorphism meth-
ods try to reduce the number of candidate vd and ed.

Our proposed PatternTreeISO focuses on reducing the total
number of vp and ep since Tiso increases exponentially over
vp and ep. Meanwhile, PatternTreeISO can also reduce Tfilter

and |Cp| without time-consuming index construction. These
can be achieved by regarding the pattern set as a whole
instead of independent ones. We would explain the time
cost of PatternTreeISO after defining Pattern Tree in next
section.

4. PATTERN TREE
In order to make use of containment correlation in a set of

pattern graphs, we propose a method of organizing pattern
graphs into a tree-structured order, called Pattern Tree,
and apply strategies to optimize this tree for best perfor-
mance. Some specific concepts related to Pattern Tree are
defined below.

4.1 Pattern Tree Definitions

Definition 1. Basic Pattern. In a pattern set P , if p ∈
P and @p′ ∈ P that p′ is subgraph isomorphic to p, p is
called a basic pattern. Basic pattern set of P is denoted as
Pbas.

Definition 2. Extended Pattern. In a pattern set P , if
p ∈ P and ∃p′ ∈ P that p′ is subgraph isomorphic to p, p is

called an extended pattern. Extended patterns set of P is
denoted as Pext.

Definition 3. Residual Graph. In a pattern set P , if
pa ∈ P, pb ∈ P , and pa is subgraph isomorphic to pb, the
residual graph of pb corresponding to pa is res(pb, pa) =
pb − pa, which contains vertices and edges in pb excluding
those isomorphic corresponding to pa.

Definition 4. Pattern Tree. Pattern Tree is a tree rep-
resenting subgraph isomorphism relations in a pattern set.
In a Pattern Tree, each node represents a pattern graph.
If pa ∈ P, pb ∈ P and pa is subgraph isomorphism to pb,
an edge eab of the tree would direct from pa to pb. pa is
called a parent pattern, and pb is called a child pattern.
The weight of eab represents containment correlation degree
(which will be explained in section 4.3). A virtual root node
directs to all patterns in Pbas.

For example, Figure 2(d) is a Pattern Tree of the pattern
set in Figure 2(a). p0 is a virtual root. It directs to all basic
patterns Pbas = {p4, p5}. The extended pattern set is Pext =
{p1, p2, p3, p6, p7}. The residual graph of p2 corresponding
to p1 is res(p2, p1) = {v25, e1}. The edge directs from p5 to
p3 represents that p5 is subgraph isomorphic to p3. And p5
is the parent pattern of p3, while p3 is the child pattern of
p5.

4.2 Query Time Saving by Containment Cor-
relation Analysis

By applying Pattern Tree in subgraph isomorphism search,
the time cost T in equation 1 of Section 3.2 can be saved
in three aspects: (1) the average time of filtering Tfiltering,
(2) the average number of candidate data graphs for each
pattern graph |Cp|, (3) the average subgraph isomorphism
time cost Tiso.

Tfiltering and |Cp| reduction. Given a pattern graph
p and a data graph set D, for a basic pattern, |Cp| = |D|.
But for an extended pattern, |Cp| = |M |, where M is the
matched results of its parent pattern. M is quiet a small
subset of the whole data graph set proved by experimental
results showed in Section 6. Furthermore, a big part of the
extended pattern can be directly matched to the embeddings
in M and then continue to be searched from the neighbors of
already matched vertices. This process helps filter candidate
data graphs and candidate vertices while the filtering time
cost Tfiltering is close to zero.

Tiso reduction. In PatternTreeISO, the vertex number
to be matched is Vtotal = |V (Pbas)| +

∑
pi∈Pext

|V (res(pi,

parent(pi)))| and the edge number to be matched is Etotal =
|E(Pbas)|+

∑
pi∈Pext

|E(res(pi, parent(pi)))|, where parent(pi)
indicates the parent pattern of pi in the Pattern Tree de-
rived from P . In practice, Vtotal 6 |V (P )| and Etotal 6
|E(P )|. The equal sign holds only when there is no sub-
graph isomorphism between pattern graphs. From equation
2 we observe that Tiso increases exponentially over vp and
ep. Pattern Tree helps reduce Vtotal and Etotal, and thus
reduce Tiso.

From the above proof we can see that in a pattern graph
set, the fewer basic patterns, Vtotal and Etotal, the less query
time cost. Therefore, we built Pattern Tree on three widely
used graph sets, namely AIDS, NASA and Synthetic, and
analyzed pattern containment correlation in them. Statisti-
cal analysis is shown in Section 6.



Figure 2: Pattern tree building process.

4.3 Pattern Tree Building
In this section, we describe our method of building the

Pattern Tree in detail. The process contains two key steps:
Pattern Correlation Graph Building andMinimum Pattern
Tree Building.

(1) Pattern Correlation Graph Building : Between ev-
ery two pattern graphs in a pattern set, we search for sub-
graph isomorphism relations and build a pattern correlation
graph (PCG) to represent all isomorphic relations in the
pattern set. As shown in Figure 2(b), PCG is a rooted and
directed graph and records all isomorphic relations in Fig-
ure 2(a). The root of PCG is a virtual vertex and has edges
pointing to all the basic graphs. Each edge directs from a
parent pattern to a child pattern. The edge is weighted by
an extra computing cost score Score(eij):

Score(eij) = |V (res(pj , pi))|+ ∂ × |E(res(pj , pi))| (3)

where eij is an edge directing from pi to pj . V (res(pj , pi))
and E(res(pj , pi)) respectively represent the vertices and
edges in res(pj , pi). ∂ (0 6 ∂ 6 1) is a user-specified factor
for weighting the computation cost of edges. Each score
represents computation cost for processing the child pattern
pj based on the matched results of the parent pattern pi.

(2) Minimum Pattern Tree Building : A minimum
pattern tree (MPT ) is derived from its PCG to get the
optimal tree-structured order for best performance in graph
pattern matching. We can see that in Figure 2(b) each child
pattern may have multiple parent patterns and we only need
one that leads to a minimum residual graph for the child pat-
tern. In this way, it costs the least time when searching the
child pattern, since there are minimum numbers of vertices
and edges left to be searched. Thus the total cost for pro-
cessing the whole pattern set is reduced to the minimum.
Figure 2(c) is a MPT derived from Figure 2(b). The formal
definition is given below.

Definition 5. Minimum Pattern Tree. Given a pat-
tern correlation graph gpattern = (V, E), (pi, pj) is an edge
in E directing from pi to pj . If there exists a subset T ⊆ E
while the graph g′pattern = (V, T ) is a directed tree rooted
at r and satisfying the following equation

Scoretotal(g
′
pattern) = argmin

T

∑
(pj , pj)∈T

Score(pi, pj) (4)

g′pattern is called a minimum pattern tree.

Building MPT is a typical mathematical problem. The
famous Chu-Liu algorithm [3] and the minimum spanning

arborescence (MSA)1 can solve it within O(V E). In our
problem, (1) there is no circuit in PCG and (2) there is
no self-loop in each pattern vertex. According to the Chu-
Liu algorithm, except the root vertex, the optimal solution
for solving MSA is to select one incoming edge with the
minimum weight and remove other edges for each vertex,
which is pretty fast in practice. The computing procedure is
detailed in Section 5.3. We will introduce how Pattern Tree
is applied in PatternTreeISO framework for graph pattern
matching in the following section.

5. FRAMEWORK OF PATTERNTREEISO

5.1 Data Structure

Figure 3: Pattern Tree data structure

As introduced in Section 4, the most essential problem in
our framework is to effectively build and utilize the Pattern
Tree. In this section, we firstly present the data structures
for storing the Pattern Tree. It mainly consists two data
structures: (1) pattern relation table Rel. Rel[a]={b | b =
child(pa), pa ∈ P}, where child(pa) represents the child pat-
tern set of pa and used to index child patterns given a par-

1Introduction of minimum spanning arborescence:
http://en.wikipedia.org/wiki/Minimum spanning tree



ent pattern. For example, Figure 3(a) is a Pattern Tree
P . And Figure 3(b) is the pattern relation table of P ; (2)
parent-child pattern mapping table Map. Map[c]={d | c =
(pi, pj), pi ∈ P , pj ∈ P , pi ⊆ pj , d is one pi-to-pj vertex
correspondence mapping}. For example, Figure 3(c) shows
the parent-child pattern mapping table of P in Figure 3(a)
and how the vertex corresponding relationship between p1
and p2 is stored in the parent-child pattern mapping table.

5.2 Overview Of PatternTreeISO

Algorithm 1 PatternTreeISO(D,P, ∂)

Input: Pattern graph set P = {p1, ..., pn}, data graph set
D = {d1, ..., dm}, user-specified parameter for Pattern Tree
building ∂
Output: All embeddings of P in D

1: Rel, Map = BuildPatternTree(P, ∂)
2: basList← {b | a = root, b = Rel[a]}
3: for each b in basList do
4: ansBas←BasPatMatch(b,D)
5: ansExt←ExtPatMatch(Rel, Map, b, ansBas)
6: R← R

⋃
ansBas

⋃
ansExt

7: end for
8: return R

Algorithm 1 outlines the framework of PatternTreeISO. It
consists two main steps: Pattern Tree building and query
processing. The inputs are the pattern graph set, data
graph set and an edge weight factor as we explained in Sec-
tion 4.3. The outputs are all the embeddings of the pat-
tern graphs in the data graphs. Firstly, a Pattern Tree
is built according to BuildPatternTree (detailed in Algo-
rithm 2) and is stored in the pattern relation table Rel and
the parent-child pattern mapping table Map (line 1). From
the pattern relation table Rel, we can find all the basic pat-
terns and record them in basList. They are the children of
the virtual root (line 2). In the query processing step, for
each basic pattern b, we firstly perform BasPatMatch (de-
tailed in Algorithm 3) to search b in the whole data graph
set D and the results are stored in basRes (line 3-4). After
we get the matched results basRes, ExtPatMatch (detailed
in Algorithm 4) searches descendants of b based on basRes
in a depth-first search order (line 5). Then, matched results
of b and all descendants of b are stored successively (line
6-7).

5.3 Pattern Tree Building
The Pattern Tree building procedure is showed in Al-

gorithm 2. The inputs are the pattern graph set and the
edge weight factor introduced in Section 4.3. The outputs
are a pattern relation table and a parent-child mapping ta-
ble. We firstly build the PCG of the input pattern graphs
(line 1-10) and store it in allMap. For each pair of patterns,
we only need to find one vertex mapping by GetOneIsoMap
(line 3). Any existing isomorphism algorithm can be applied
here. Then we weight edges in the PCG by the cost score
according to the equation 3 (line 11-15). Finally we com-
pute the MPT from the weighted PCG (line 16-19). MPT
stores the Pattern Tree and consists of the pattern relation
table and the parent-child mapping table.

5.4 Basic Pattern Matching

Algorithm 2 BuildPatternTree(P, ∂)

Input: Pattern set P , edge weight ∂
Output: Pattern relation table Rel, parent-child mapping
table Map

1: for each p in P do
2: for each q in P where |E(p)| > |E(q)|| and |V (p)| >

|V (q)| do
3: onemap = GetOneIsoMap(p, q)
4: if onemap 6= φ then
5: a← a

⋃
{q}

6: allMap[(q, p)]← onemap
7: end if
8: end for
9: H ← H

⋃
(p, a)

10: end for
11: for each (p, a) in H do
12: for each k in a do
13: score← |V (k)|+ ∂ × |E(k)|
14: S ← S

⋃
(k, score)

15: end for
16: finalParent ← k with minimum score and

(k, score) ∈ S
17: Rel[finalParent]← p
18: Map[(finalParent, p)]← allMap[(finalParent, p)]
19: end for
20: return relation, mapping

Algorithm 3 BasPatMatch(p, D)

Input: Basic pattern graph p, data graph set D
Output: All embeddings of p in D basRes

1: for each d in D do
2: isomaps←GetIsoMaps(p, d)
3: basRes← {basRes}

⋃
(d, isomaps)

4: end for
5: return basRes

Algorithm 3 describes the procedure of BasPatMatch
function. It searches one basic pattern graph in all the data
graphs. The inputs are a basic pattern graph and all the
data graphs. The outputs are the matched results of this ba-
sic pattern graph. For each data graph, GetIsoMaps func-
tion aims to search embeddings of the basic pattern p in one
data graph d (line 1-2). Any existing subgraph isomorphism
algorithm can be applied as GetIsoMaps and get integrated
in PatternTreeISO framework. In our experiments, we choose
a classical algorithm VF2 and a state-of-the-art algorithm
TurboISO respectively in GetIsoMaps to prove the effective-
ness of our framework. The matched results are stored in
basRes (line 3).

5.5 Extended Pattern Matching
Algorithm 4 describes the procedure of processing ex-

tended patterns. It searches the decedents of a parent pat-
tern recursively. The inputs are the parent-child relation
table, the parent-child mapping table, the parent pattern,
and the matched results of the parent pattern. It outputs
all the matched results of the basic pattern’s descendants.
In ExtPatMatch, it firstly searches the child patterns of
parent in data graphs on the base of parentRes computed by
functionMatchResidual (line 1-6). MatchResidual searches
res(p, parent) in the data graph d based on its parent’s em-



Algorithm 4 ExtPatMatch(Rel, Map, parent, parentRes)

Input: Parent-child relation table Rel, parent-child map-
ping table Map, parent pattern parent, parent’s matched
result parentRes
Output: All embeddings of parent’s child patterns in D
extRes

1: for each p in Rel[parent] do
2: piso← φ
3: for each (d, embed) in parentRes do
4: ans←MatchResidual(p, d, embed, Map)
5: piso← piso

⋃
ans

6: end for
7: extRes← extRes

⋃
piso

8: if Rel[p] 6= φ then
9: extRes← extRes

⋃
ExtPatMatch(Rel, Map, p, piso)

10: end if
11: end for
12: return extRes

beddings embed. The residual graph searching starts from
the vertices in the data graph which has been matched by
the parent pattern. The matched results of p are stored
in piso. Then we treat p as a parent pattern and search its
child patterns based on piso by ExtPatMatch (line 9). This
procedure is executive iteratively until all the basic pattern’s
descendants have been processed. All the results are stored
in extRes (line 7-9).

6. EXPERIMENTS
The purpose of our experiments was to evaluate (1) the

response time and space efficiency of building Pattern Tree,
and (2) the improvement of PatternTreeISO framework com-
pared with existing subgraph isomorphism algorithms. To
test the efficiency of PatternTreeISO, we change the pattern
graph number and compare the average elapsed time. To
test the scalability of PatternTreeISO, we change the data
graph size and analyze the speed improvement. The factor
∂ was set as different values in (0, 0.3, 0.5, 0.7, 1) to evaluate
its influence on the matching speed.

6.1 Experiment Setup
Implementation and experiment environment. We

integrated PatternTreeISO with 2 existing subgraph isomor-
phism algorithms, VF2 and TurboISO. VF2 [4] is a classical
algorithm which has been implemented as a baseline in many
graph isomorphism work [7, 10]. TurboISO is a state-of-the-
art algorithm and has been proved to outperform all com-
petitors by up to several orders of magnitude [7]. All the
algorithms were implemented in python 2.7 using iGraph
package2. We implemented TurboISO based on [7] and im-
plemented VF2 implementation based on [4]. All the exper-
iments were conducted on a 64-bit Windows machine with
Intel 3GHz CPU and 4GBytes RAM.

Measurements. (1) Pattern Tree building analy-
sis. Firstly, we use the statistics of vertex and edge num-
ber to measure the computational reduction based on the
Pattern Tree. The original total vertices and original
total edges respectively correspond to |V (P )| and |E(P )| in
Section 4.2, while the pattern tree vertices and pattern tree

2iGraph: a network analysis package can be downloaded for
free from the link http://igraph.org/

edges respectively correspond to Vtotal and Etotal in Section
4.2. Then, we show the time cost for building the Pattern
Tree and the space cost for storing all the necessary data
structures introduced in Section 5.1. (2) Efficiency and
scalability of query processing. We measure the perfor-
mance of an algorithm in two aspects: average elapsed time
over increasing pattern set size for efficiency test, and aver-
age elapsed time over increasing data set size for scalability
test. The average elapsed time for processing each pattern is
T = Ttotal/|P |, where Ttotal includes the total elapsed time
for both building Pattern Tree and query processing while
|P | is the pattern set size. In practice, for one pattern and
one data graph, we stop subgraph isomorphism searching on
them once we find the first 1000 embeddings, as in [7, 8, 16].

Data graph sets. We use AIDS, NASA and Synthetic
datasets for both efficiency tests and scalability tests. The
three datasets have different characters which are showed in
Table 1. (1) AIDS consists of 10,000 sparse graphs. For scal-
ability tests, we generate five datasets with equivalent ver-
tex increment by randomly selecting data graphs in AIDS.
And the total vertex numbers of the five datasets are (50K,
100K, 150K, 200K, 250K). (2) NASA consists of 36,790 tree-
structured graphs and the degree of some vertices is very big
(up to 245). We generate five datasets in the same way as
AIDS, and their sizes range in (50K, 100K, 150K, 200K,
250K) in terms of vertex number. (3) Synthetic contains
five sets with different vertex numbers generated by Graph-
Gen3. The vertex numbers of synthetic data graph sets are
(70K, 140K, 210K, 280K, 350K).

Table 1: Profile of datasets

Datasets |V | |E| |L| Max

degree

AIDS 254,156 274,513 51 11

NASA 1,223,194 1,186,404 117,302 245

Synthetic 1,036,868 2,747,163 50 12

Pattern graph sets. We generate pattern graphs by
randomly selecting equal numbers and different sizes of pat-
tern graphs from existing pattern sets of AIDS, NASA and
Synthetic. Therefore, one pattern graph set consists of dif-
ferent sizes of pattern graphs which is just like what happens
in real application scenarios. For example, AIDS contains
six existing pattern sets in terms of edge numbers ranging
from 4 to 24 (named respectively as Q4, Q8, ..., Q24). Each
pattern set contains 1000 graphs. To generate a 1.2K AIDS
pattern set, we randomly select 200 graphs from Q4, 200
graphs from Q8, ..., 200 graphs from Q24. Since every pat-
tern set contains varies sizes of pattern graphs, we name
them by their graph numbers, such as AIDS pattern sets
(1.2K, 2.4K, 3.6K, 4.8K, 6K). Pattern sets of NASA and
Synthetic are generated in the same way. The difference in
Synthetic is that the pattern scales are (3.6K, 7.2K, 10.8K,
14.4K, 18K). A 3.6K Synthetic pattern set indicates that it
selects 600 patterns from each of the pattern subset Q4, ...,
Q24.

6.2 Experiment on AIDS dataset
3GraphGen: a synthetic graph data generator can be down-
loaded for free from the link http://www.ust.hk/graphgen/.



(a)Vertex and edge reduction

Pattern
set

Time
(min)

Space
(KByte)

1.2K 0.4 52

2.4K 1.9 110

3.6K 4.3 168

4.8K 7.5 227

6K 11.6 286

(b)Building time and space

Figure 4: Pattern Tree building over AIDS

Data graphs in AIDS are ringlike and have small aver-
age and maximum degree. Figure 4 shows the experimental
results of building the Pattern Tree over AIDS patterns.
Figure 4(a) compares the number of vertices and edges that
need to be searched based on the constructed Pattern Tree
with that in the original pattern sets. It’s obvious that Vtotal

and Etotal are greatly reduced over pattern sets of all the
scales compared with |V (P )| and |E(P )|. The reduction
is nearly 80% on average. In other words, 80% overhead
for matching original pattern vertices and edges are saved
based on the Pattern Tree structure. Figure 4(b) shows
the time and space cost of building the Pattern Tree over
five pattern sets. Since the subgraph isomorphism test is
conducted between each two pattern graphs in the pattern
sets, the building time increases as the pattern set size in-
creases. The longest time for processing 6K pattern set is
11.6 minutes, which is within acceptable scope. When tun-
ing the parameter ∂, the building time fluctuates by up to
0.3 seconds. In other words, different value of ∂ has quite
limited influence on the total building time. That’s because
the majority time cost is from computing PCG, while MPT
computation only takes a few seconds, which is costless.

Figure 5: Query processing over AIDS.

The experimental results of efficiency tests are shown in

Figure 5(a)∼(b). We can see that the average elapsed time
of VF2 and TurboISO is relatively steady when the pat-
tern set size increases. With the integration of Pattern-
TreeISO, all of VF2 and TurboISO are improved by several
times. It’s obvious that VF2+PatternTreeISO outperforms
VF2 over every pattern set size and the average match-
ing speed is 5∼10 times faster than VF2. TurboISO is the
most state-of-the-art subgraph isomorphism algorithm and
is nearly 3 times faster than VF2. However, with the inte-
gration of our framework, it is accelerated by 2.6∼3.9 times
when the pattern set size varies. The improvement of VF2
and TurboISO when integrated into PatternTreeISO is more
remarkable when increasing the pattern set size. The av-
erage elapsed time of VF2+PatternTreeISO decreases from
1.9 seconds to 0.9 seconds while the average elapsed time
of TurboISO+PatternTreeISO decreases from 0.9 seconds to
0.6 seconds as pattern set size increases. That’s because
that the more patterns, the higher ratio of extended pat-
terns in our containment correlation model as analyzed in
section 4.2. And for extended patterns, only their residual
graphs need to be processed which are much smaller than
their original patterns.

The experimental results for scalability tests are shown in
Figure 5(c)∼(d), which represent the average elapsed time
for processing 1.2K patterns by varying the data set size.
As the data set size grows, it’s obvious that both VF2 and
TurboISO achieve much better performance after integrated
into PatternTreeISO. For small data set sizes, the improve-
ment by PatternTreeISO is not that significant. But for
large data set sizes, the performance can be six times faster.
This is because for VF2 and TurboISO, all patterns need to
be searched independently in the whole dataset while for
PatternTreeISO framework, only basic patterns and residual
graphs need to be searched. When the dataset size grows,
the computation reduction based on the containment corre-
lation is more notable. So this framework is greatly benefi-
cial for searching patterns on large datasets.

In Figure 5, we only show the curves by setting the factor
∂ to 1.0 since other settings achieves tiny fluctuation. This
phenomenon is due to the sparsity of the graphs in the pat-
tern sets. For each graph, the number of edges is almost
equal to the number of vertices. The pattern being a sub-
graph of an extended pattern with more vertices in the cor-
responding residual graph will also have more edges. The
factor ∂ which highlights the influence of edges is useless.
The following experiments on NASA and Synthetic datasets
have similar phenomena and we also show the curves by
setting the factor ∂ to 1.0.

6.3 Experiment on NASA dataset
NASA dataset is much bigger than AIDS and consists of

star-shaped data graphs with a large number of vertex la-
bels. Figure 6 shows the performance of constructing Pattern
Tree over NASA. As shown in Figure 6(a), the vertex and
edge needed to be searched are greatly reduced by apply-
ing Pattern Tree. On average, both vertices and edges are
reduced by 75%, which means that repetitive computing in
query processing can be avoided by up to 75%. Figure 6(b)
shows the construction time and space over NASA. When
varying the pattern set size, the time and space cost of build-
ing Pattern Tree is within a reasonable range. It takes 16.3
minutes at most when the pattern set size is 6K. The pa-
rameter ∂ also has limited influence on the building time



(a)Vertex and edge reduction

Pattern
set

Time
(min)

Space
(KByte)

1.2K 0.6 55

2.4K 2.5 115

3.6K 5.9 176

4.8K 10.6 236

6K 16.3 299

(b)Building time and space

Figure 6: Pattern Tree building over NASA

over NASA. Building time changes within 2 seconds when
tuning ∂.

Figure 7(a)∼(b) show the experimental results of efficiency
tests. Figure 7(a) depicts the performance comparison of
VF2 and VF2+PatternTreeISO. VF2 couldn’t accomplish the
searching tasks at any pattern set size within a week because
of its relatively weak pruning power. VF2+PatternTreeISO

speeds up significantly compared with VF2 and finishes pro-
cessing in less than 40 seconds on average. The improvement
is no less than 4 orders of magnitude. Moreover, the figure
shows a trend that with the growth of pattern set sizes,
the average elapsed time of VF2+PatternTreeISO decreases,
which has the same phenomenon and reason as the perfor-
mance over AIDS. For TurboISO in Figure 7(b), the improve-
ment by integrated with PatternTreeISO is 4.4∼6 times faster
at different pattern set sizes. The time cost of both TurboISO

and TurboISO+PatternTreeISO fluctuates slightly. Compara-
tively, TurboISO+PatternTreeISO performs more stable than
TurboISO. At the 6K pattern set, TurboISO+PatternTreeISO

shows a tiny increase in time cost due to the prominent in-
creased building time.

Figure 7: Query processing over NASA.

Figure 7(c)∼(d) show the experimental results of scala-
bility tests. Since the pattern set remains the same, the

Pattern Tree building time is equal on all the scalabil-
ity tests. Therefore, the speed improvement of both algo-
rithms integrated with PatternTreeISO becomes more signif-
icant with the increase of data set sizes. As shown in Figure
7(c), VF2 still performs too slow to be recorded. However,
after integrated with PatternTreeISO, the tasks can be fin-
ished in a reasonable time. The time cost increases linearly
with the grows of data set size. In Figure 7(d), the aver-
age elapsed time of TurboISO+PatternTreeISO outperforms
TurboISO by 5.4∼5.9 times when the data set size varies.
The curve of TurboISO increases sharply while the curve
of TurboISO+PatternTreeISO has a sublinear increase. This
is because that TurboISO processes patterns independently
while TurboISO+PatternTreeISO avoids repetitive subgraph
matching of patterns. The overhead reduction becomes par-
ticularly significant when the data graph size is large.

6.4 Experiment on Synthetic dataset
Synthetic is an automatically generated dataset whose

graphs have fewer containment correlations than AIDS and
NASA. We generated relatively bigger pattern sets over Syn-
thetic than those of AIDS and NASA. Figure 8 shows the
performance of building Pattern Tree over Synthetic pat-
tern sets. In Figure 8(a), on average, Vtotal is 50% of |V (P )|
and Etotal is 70% of |E(P )| which indicates that in Syn-
thetic pattern sets, nearly 50% vertices and 30% edges are
repetitive. Figure 8(b) shows the cost of building Pattern
Tree over Synthetic. All pattern subsets can be built within
an acceptable time which is no more than one hour even for
the biggest pattern set. The space cost for storing Pattern
Tree is very little and increases in a linear trend with the
growth of pattern set size. It shows good scalability in terms
of time and space cost for building the Pattern Tree.

(a)Vertex and edge reduction

Pattern
set

Time
(min)

Space
(KByte)

3.6K 2.3 97

7.2K 9.2 213

10.8K 20.7 332

14.4K 36.8 458

18K 57.6 586

(b)Building time and space

Figure 8: Pattern Tree building over Synthetic

Figure 9(a)∼(b) show the results of efficiency tests on Syn-
thetic. The average elapsed time of all algorithms fluctuates
in a small scale. VF2+PatternTreeISO outperforms VF2 on
every pattern set. The average matching speed is two times
faster than that of VF2. However, the average elapsed time
of TurboISO changes quite differently from that of VF2 after
integrated with PatternTreeISO. In Figure 9(b) for TurboISO,
there are slight improvements when the pattern set size is
less than 10.8K. However, when the pattern set size in-
creases to 14.4K and larger, TurboISO+PatternTreeISO be-
comes slightly slower. This phenomenon is mainly due to
two reasons. One is the fact that the containment corre-
lations in Synthetic is less than that in AIDS and NASA,
thus the speedup is not that significant. The other reason
is that the pattern set size of Synthetic is much larger than
that of AIDS and NASA, which costs more time in building



Figure 9: Query processing over Synthetic.

Pattern Tree. Since we include the initialization time when
calculating the average elapsed time, the processing speed
decreases when the pattern set size increases.

Figure 9(c)∼(d) are scalability experiments on Synthetic.
For both VF2 and TurboISO, the speed improvement is ob-
vious on all the tests. After integrated with PatternTreeISO,
VF2 is speeded up by 2 times on average over all the datasets.
For TurboISO, the improvement is slight when the data graph
size is small while the advantage becomes more remarkable
with the growth of the dataset, which is consistent with the
performance of VF2. What’s more, the average elapsed time
of both VF2 and TurboISO increases much sharper than that
of PatternTreeISO. It implies that the advantage of applying
PatternTreeISO is especially remarkable when the data graph
size is large.

7. CONCLUSIONS
In this paper, we propose a novel framework, Pattern-

TreeISO, for accelerating subgraph isomorphism over mas-
sive graphs. The main contribution of our approach is that
it makes best use of the containment correlations among pat-
tern graphs and avoids massive duplicate computation. Any
existing subgraph isomorphism algorithm can be integrated
into this framework to speed up their matching performance.
Extensive experiments on real and synthetic datasets prove
that, by integrating with PatternTreeISO, both the typical
subgraph isomorphism algorithm and the state-of-the-art
one can be accelerated by up to several times.

PatternTreeISO is proved to be effective and efficient based
on the hypothesis that pattern containment exists among
pattern graphs. If such relation cannot be provided, auxil-
iary and concise graphs need to be adaptively constructed
to bridge the pattern graphs and form the Pattern Tree.
Besides, the incremental method for building the Pattern
Tree is another important focus to avoid re-computing in
the whole pattern graph set and reduce the response time
when the pattern graphs update. These problems will be

further studied in an extended version of this paper.
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